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Abstract 


The aim of this paper is to generalize the neutrosophic AH-isometry into the system of refined neutrosophic 
numbers, where it presents an isometer between the refined neutrosophic space with one/two neutrosophic 
dimensions and the cartesian product of classical Euclidean spaces.Also, many refined neutrosophic geometrical 
surfaces such as refined circles and lines will be handled according to the isometry. 
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1.Introduction 
Neutrosophic logic is a generalization of intuitionistic fuzzy logic by adding an indeterminacy I with property 
I=I? 


On the other hand, neutrosophic sets played an interesting role in pure mathematics such as topology and 
analysis [3], spaces [1], and algebraic structures [2-12]. 


Neutrosophic spaces theory began with Agboola et.al [8,9], where they studied neutrosophic vector spaces and 
their properties. 


In [26] the concept of the neutrosophic plane with N neutrosophic dimensions is obtained. In addition, Euclidean 
geometric concepts are extended neutrosophically such as neutrosophic distance, neutrosophic midpoint, 
neutrosophic vectors, neutrosophic circles, and lines. 


This work finds an isometry between the real refined neutrosophic space and the Cartesian product of classical 
Euclidean spaces, which means that the foundations and laws of refined neutrosophic geometry will be 
established. 


2. Preliminaries 


Definition 2.1: The refined neutrosophic real number has the form ag + a,1, + AzIz where dp, Q,, a2 € R are 
real numbers. (We write the refined neutrosophic numbers by the previous form instead of the equivalent form 
(49, Ay]; A212) 

Remark 2.2 : Ll = Lh.lp = In. 1, => iL 

Definition 2.3: 

Let Ry, 12) = {ap + ay], + Ag]; Ap, a1, az € R} be the refined neutrosophic field, we say 

Ay + ay], + agl, < by + by], + bol, if and only if dg < by , ap +a, +a, S by +b, + by and 
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Theorem2.4: 
The previous relation is a partial order relation (reflexive, anti-symmetric, and transitive). 
3. Main concepts and results 


In the beginning, we will define some basic concepts in refined neutrosophic real numbers, hence we will study 
its relation with classical real numbers. 


Remark 3.1: 

According to Theorem 2.4, we can define positive refined neutrosophic real numbers as follows. 

Ap + Ayl, + Aglz => 0 =0+ 0), + Ol, implies that ag = 0, ag + Ay +z = 0,ag + azn = 0. 
Absolute value on R(J,, I,) can be defined as follows: 

|p + a4], + ag 1y| = |ao| + []ao + ay + Ag| — [Ao + ag |JE, + [lao + a2| — |ao|]J,, we can see that 
|ay + a, 1, + aI,| => 0. (Under the defined partial order relation). 


We can compute the square root of a refined neutrosophic positive real number as follows: 


Jd + ah, + ag = fay + [fag + a, + a2 — faq + a2]h, + [ao + a2 — aol he. 


It is clear that (,/ao + [ (a0 + ay + az — 4% + ao | I, + [,/ao + az =, Jao|lo)” = ao + al, + az!, and 


Ap + a,l, + agl, = 0. 


Example 3.2: 


e x =2-—I1, + 3], isarefined neutrosophic positive real number, since. 
22>0,2-14+3)=420,24+3=520. 

e 241,421, = 1-—I, that is because 2 >1,(2+1+4+2)=52> (1-1) =0, and 
(24+2)=42=(1-1) =0. 


e  |-1-3/,+ 3h] =|-1]) + [|-1-34 3] -|-14 31]h + [l-14 3]-|-1I]b =1-h+h 
e /24+h +h =v2+ [v4 —- v3], + [V3 -V2]b = v2 + [2 - V3], + [V3 - V2] 


Definition 3.3: 


We define the refined neutrosophic plane with N neutrosophic dimensions (N-dimensions) as follows: 


RC, In) X RUh, In) X Rh, Ia) X wy OX R(y, 12) 
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Example 3.4: 
Ry, 12) = {ap + Ay, + Aglg; ap, a1, Az € R} is arefined neutrosophic plane with one N-dimension. 


R(Iy, 1n)* = {Cag + Qh, + Aglg, Do + byl, + bzIy); Ap, Ay, Az, Do, by, by € R} is a refined neutrosophic plane 
with two N-dimension. 


In the following, we will focus on the case of two N-dimensional refined neutrosophic plane. 
Definition 3.5: 


Let A(dy + ayly + Aglz, bo + byl, + belz),B (Co + chy + CzIz, dg + dl, + dzIz) be two refined neutrosophic 
points form R(Jj, Ip)”, we define: 


AB = ([dp + ay, + Qgly] — [cg + chy + Calg], [Bp + Duly + Bolg] — [dg + dy, + dylp]), is called a refined 
neutrosophic vector with two N-dimensions. 


Definition 3.6: Let i = (ap + ay, + gly, bp + by], + bzIz) be a refined neutrosophic vector, we define its 
norm as follows: 


Iz] = 4 Gig + aly + Agl,)? + (by + by, + bzl2)?. 
It easy to see that ||z/|| = 0, according to remark 3.3. 


Definition 3.7: Let M = R(,, I,)? x R(4, 1,)7, V = R? X R? be the refined neutrosophic plane with two N- 
dimensions and Cartesian product of the classical Euclidean space R? with itself respectively, we define the 
refined AH-isometry map as follows: 


f:M V3; f (ao + ayh, + gla, by + byl, + belz) = (Cao, dy + Ay + Ag, Aq + Az), (Do, Do + by + bz, by + bz)) 
We can define the refined one-dimensional AH-isometry between R(/;, J) and the space R X R X R as follows: 
g: Rh, I;) = R?; g(a + ay], + azI,) i (ao, Ao + ay + az,Ag + a2) 


Remark 3.8:The refined one-dimensional AH-isometry is an algebraic isomorphism betweenR (J, Iz) and 
RXRXR. 


Proof. 

Let wy = Ap + Ay], + AgI2,W2 = bo + byl, + bzIz be two refined neutrosophic real numbers, then. 
g(w, + we) = g([ao + bo] + [ay + by], + [az + be ]Iy) 

= (dg + bo, dy + A, + Az + by + by + bz, a9 + ag + by + bo) 

= (do, Ap + Ay + Az, Ay + Az) + (bo, bo + by + bo, bo + bz) 

= g(a) +a,h, + agI,) + g(bo + by, + bela) = gw.) + g(w2). 

g(w,.w2) = g((ao + ayl, + agl2). (by + byl, + byl) 

= g(agbo + [ay by + ayby + ab, + aybz + agby |, + [agbg + agbo + agb|I,) 

= (Agbo, Apdo + a,b, + Ayby + a,b, + A,bz + azb, + Andy + Agby + Ayb2z,Agby + Agbz + azby + azbz) 
= (Ap, Ag + Ay + Az,Aq + Az). (Do, Dy + by + bz, by + bz) 

= g(ap + ay, + Agl2). g(bo + byl, + blz) = gw). g(w2). 

g is a correspondence one-to-one, that is because ker(g) = {0}, and for every 


(dp, @,,a,) € RX RX R,there exists x = ay + ([a, — ag))I, + (Qy — Ag)In € RU, Iz) such that g(x) = 
(do, Q,, 42). 


Thus, g is isomorphism. 
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Theorem 3.9: 
Let f:M > V; fap + a, + gly, by + byl, + bgp) = ((ao, Ap + a, + Az,A9 + Az), (Dp, by + by + bz, by + 
b2)) be the refined AH-isometry defined abobe, we have: 


(a). fpreserves addition operation between vectors. 
(b). f preserves distances between points. 
(c). f is a bijection one-to-one between M and V. 


(d). Multiplying a refined neutrosophic vector by a refined neutrosophic real number is preserved up to refined 
AH-isometry, i.e. 


The direct image of a refined neutrosophic vector multiplied by a refined neutrosophic real number is exactly 
equal to its refined AH- isometric image multiplied by the one-dimensional refined AH- isometric image of the 
corresponding refined neutrosophic real number. 


Proof. 


(a). Let u = (do + al, + Azl,, bo + bil, + bz 15), v = (co + cl, + Colo, do + dy, + dzI,) be two refined 
neutrosophic vectors, we have. 


f+ ¥V) = f([do + Co] + [ay + Cy), + [ag + C2] a, [bo + do] + [by + dy ]h, + [bz + d2]h2) 


= ((ap + Co, Aq + Ay + Az + Cy + Cy + Ca, Aq + Ay + Co + C2), (By + do, Do + by + by + do + dy + dz, by + by 
+ dy + d,)) 


= ((ao, Ap + A, + A2,A9 + Az), (Do, by + by + bz, bo + by)) + cer Co + Cy + Co, C9 + Cz), (do, dg + dy + 
dz,dy + d>)) -_ fu) + fW). 


.(b). We must prove that the norm of the classical vector f(u), is exactly equal to the refined one- dimensional 
isometric image of the norm of the neutrosophic vector U. 


IF@II? = (ao? + by’, (dg + ay + ap)? + (Do + by + bz)”, (ay + Az)? + (bo + b2)?) 
Now, 


||zi||? = (do + ay], + az)” + (bo + bil, + byIp)? _ (ap? + Bae + (a,? + al + 2a9Q, + 2bob, + 2a,Qz + 
2b, b2)I, + (a2? + by* + 2Zagay + 2bgb2)Iy). 


G(IlUl]2) = (ao? + by*, dp? + by” + a1? + by? + 2aga, + 2byb, + 2a,az + 2b,b, + ay? + by” + 2agaz + 
2bob, Ag? + by” + Ag? + by? + Zap ay + 2bybz) = (Aq” + bo”, (Ao + a, + Az)? + (bo + Dy + bz)?, (ay + 
a)” + (by + b2)”) = IIF GIN. 


(c).Let wy = ay + Ay], + Aglg,Wz = by + byl, + bolo, Wz = Co + C1, + Cglg,Wy = dy + dyl, + dol, 
Suppose that f(w,,w2) = f(w3, w,), hence 


((ao, do + ay + Az,Aq + Az), (bo, bp + by + bz, bo + b2)) = (co €o + Cy + C2, Co + Cz), (do, dg + dy + 
d>,dy + d,)), thus 


Ap = Cy, Ag + A, + Ag = Cy $C, +€9,A9 + Ay = Cy + C2, Dy = dg, by + by + bg = dy + dy + dz, by + by = 
dy + dz, 80 Ag = Co, Ay = Cy, Az = C2, b9 = dg, by = d,, bz = dz, so f is surjective. 


It is clear that f is injective, thus it is a bijection. 


(d).Consider the following refined vector U = (dy + ayl, + QzIz, bo + bi], + bzI,) with the following refined 
neutrosopjic real number X = Xp + X11, + X2Iz, we have. 


XU = (Xo + X11, + X2I2) (Ap + ay, + Agln, by + Dyk, + bzIz) 
Xu = (Gi + x41, + X2I2) (ap + ah, + AgI2), (% + Xq1, + XpIp) (bo + D1, + byl) 
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Xu = (aoXo + (ApXp + ApxX, + A,X, + A,X_ + AyxXgQ)I, + (AgXz + AgQXq + AyX2)Iz, (by Xq + ChpXo + boxy + 
b,x, + by x2 + box2)h, + (box2 + box + byx2)Io)). 


fXXu) = ((aoXo,4o%o + AgXo + AgxXy + A,X, + Ay X2 + AgXz + ApXz + AgXq + AQX2,AgXpy + ApXz + AX) + 
AzXz), (Do Xp, DoXp + DoXo + Dox + Dy X1 + Dy Xq + byXz + boxy + byXq + byXz, byXo + bo xXz + b2Xq + bixs)) 


f (XU) = (Xo, Xo +X + Xp, Xo + X2)((ao, ao + ay + @2,A9 + Az), (bo, bo + by + bz, bo + b2)) 
f (XU) = go + Xt + Xg Ig). f (Ap + Ah, + AzIz, by + byl, + byl) 

f (Xu) = g(X). fW. 

Definition 3.10: (refined neutrosophic circle) 


Let M (ap + ay], + AzIz, by + by], + bzIz) be a fixed refined neutrosophic point, we define the refined 
neutrosophic circle with center M and radius R = rp + 41, + T2I2, = 0 to be the set of all two N-dimensional 
points N(x, Y) = N(x + x41, + XgIo, Yo + Wl, + VoIz); dist(M, N) =R. 


Theorem 3.11: 


Let M (ay + ay1, + AgIz, by + by], + bzIz) be a fixed refined neutrosophic point, R = 7 +71, + I, bea 
refined neutrosophic real positive number, we have: 


(a). The equation of the refined circle with center M and radius R is: 
C: ([x9 + xh, + X2I2] — [ag + aly + Aglz])* + (L¥o + Yi + Vela] — [bo + bit + bel2])* = R?. 


(b). The previous refined neutrosophic circle is equivalent to the following direct product of three classical 
circles. 


Cy: (Xp — Ag)? + (Vo — bp)? = 197. 

Co: ([xq + %4 + X2] — [ao + ay + a2])* + (Lo + 1 + Yo] — [bp + by + 2)? = (+4 + 7)?. 
C3: ([x% + x2] — [ao + a2])* + Clo + 2] — [bo + be)? = (7% + 172)?. 

Proof. 

(a). By using the neutrosophic distance form defined above, we get: 

([x9 + x41, + X2I2] — [ay + ah, + Qgln])? + (Ly t+ yh, + Vole] — [Do + Dy hy, + b2I2])? = R? 


(b). To obtain the classical equivalent geometrical systems of the refined neutrosophic circle, it is sufficient to 
take its refined AH-isometric image as follows: 


F(x + xh, + X2I2] — [ao + ah, + A2lz])? + (Lo + Yah + Y2l2] — [bo + bil, + bzI2])*) = F(R?) hence. 


((xp — Qo), ([xX9 + X41 + X2] — [ap + a, + a2])?, [xo + X2] — [ap + a2])?) + (Oo - bo)’, (Lyo +1 + Ya] - 
[bo + by + bz)’, (L¥o + y2] — [bo + b2])*) = ito", (m+n + 1%)’, (% + ye). 


Thus, we get: 

Cy: (% — ao)? + Wo — bo)* = 10°. 

Cy: ([X9 + 1 + X2] — [ao + ay + a2])? + yo +1 + Yo] — [bo + by + b2))* = (+ +1%)?. 
C3: ([%9 + x2] — [ao + a2]? + (yo + ¥2] — [bo + b2])* = (% + 1%)?. 

Example 3.12: 

Consider the following refined neutrosophic circle: 

Ci(X -[1-1,-L)?+(W7-[2+2,-L)? =G-1,4+h) 

It is equivalent to the direct product of the following three classical circles: 


Cy: (%9 — 1)? + (yp — 2)? = 9 


Doi : https://doi.org/10.54216/GJMSA.020103 20 
Received: March 16, 2022 Accepted: July 09, 2022 


Galoitica Journal Of Mathematical Structures And Applications (GIMSA) Vol 02, No. 01, PP. 21-28, 2022 


Co: ([xo + x1 + X2] — 2)? + ([yo + ¥1 + y2] — 3)? =9 

C3: ([% + x2] — [-1])* + (Lyo + y2] — 1)? = 16 

Definition 3.13: (refined neutrosophic line) 

We define the refined neutrosophic line by the set of all two N-dimensional points (X, Y) with the property 


AX +BY +C=0;X =x) + %4h, + Xgln,¥Y =Vo t yh + Vola, A = Ap + al, + agl,, B= bo + byl, + 
bolo, C= Co + Ch, + Colo. 


Theorem 3.14: 


Let AX + BY + C = 0 be an equation of a refined neutrosophic line d, this line is equivalent to the direct 
product of the following three classical lines. 


dy: ApXq + boVo + Co = 0 

dz: (Ay + Ay + Az)(Xo +X + Xz) + (bo + by + b2)(Yo + V1 + ¥2) + (CO +01 + C2) = 0 
d3: (Ap + Az) (Xo + Xz) + (Do + b2) V0 + ¥2) + (Co + C2) = 0 

Proof. 

By taking the refined AH-isometric image to the equation AX + BY + C = 0, we get the proof. 
Example 3.15: 

Consider the following refined neutrosophic line: 

d:(-2-1, —21,)X+(1+1,-31,)¥+(2+1,4+1,) =0 

It is equivalent to the direct product of the following three classical lines: 

d,:—2x%) +yp +2 = 0. 

dy: —S(Xp +X +X2)-— Oo +1 +2) +4 = 0. 

d3: —4(%) + x2) — 20) + y2) +3 = 0. 

Remark 3.16: 

The inverse map of the two dimensional AH-isometry is: 


fot: R® x R® > R(L, In) X RU 12) f-1((@, b,c), (t,m,n)) = (a t+ [b—c]h, + [c-a]h,t +[m—n]l, + 
[n — t]lz). 


The inverse of two N-dimensional AH-isometry can be used to turn any point from the classical Euclidean space 
R? x R? into the refined neutrosophic equivalent point. 


Conclusion 


In this paper, we have defined the refined AH-isometry between a refined neutrosophic space with two 
dimensions and the Cartesian product of two classical spaces. Also, we have used this isometry to find the 
classical geometrical structure of refined neutrosophic circle and refined neutrosophic line, where we proved 
that a refined neutrosophic circle is equivalent to three classical circles, and the refined neutrosophic line is 
equivalent to three classical lines. 


As a future research direction, we aim to find the isometry that describes the refined neutrosophic spaces with 
three dimensions. 
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